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Hardy–Hilbert’s integral inequality with a best constant factor that involves the
β function. We also consider its more extended form. © 2001 Academic Press
Key Words: Hardy–Hilbert’s integral inequality; weight function; β function.
1. INTRODUCTION
If p > 1 1
p
+ 1
q
= 1 an bn ≥ 0 0 <
∑∞
n=1 a
p
n < ∞, and 0 < ∑∞n=1 bqn <
∞, then
∞∑
m=1
∞∑
n=1
ambn
m+ n <
π
sinπ/p
( ∞∑
n=1
apn
)1/p( ∞∑
n=1
bqn
)1/q
 (1.1)
where the constant π/ sinπ/p is the best possible. Inequality (1.1) is
well known as Hardy–Hilbert’s inequality. Its integral form is as follows:
If f t gt ≥ 0 0 < ∫∞0 fptdt <∞, and 0 < ∫∞0 gqtdt <∞, then
∫ ∞
0
∫ ∞
0
f xgy
x+ y dx dy <
π
sinπ/p
(∫ ∞
0
fptdt
)1/p
×
(∫ ∞
0
gqtdt
)1/q
 (1.2)
where the constant π/ sinπ/p is still the best possible (see [1]).
Hardy–Hilbert’s inequality is important in analysis and applica-
tions (see [2]). In recent years, some new improvements of (1.1)
have been given in [3, 4]. By introducing two parameters α and
295
0022-247X/01 $35.00
Copyright © 2001 by Academic Press
All rights of reproduction in any form reserved.
296 yang bicheng
λ α ∈ Rλ ∈ 1/r 1
r = p q
, Yang [5] gave a generalization of
(1.2) as
∫ ∞
α
∫ ∞
α
f xgy
x+ y − 2αλ dx dy ≤ k˜
1/p
λ pk˜1/qλ q
⌊ ∫ ∞
α
t − α1−λf ptdt
⌋1/p
×
⌊ ∫ ∞
α
t − α1−λgqtdt
⌋1/q
 (1.3)
where k˜λr =
∫∞
0 1/1 + uλ
1/u1−1/rdu = B1/r λ − 1/r [r = p q;
Bu v is the β function] and Kuang [6] gave the same result for α = 0
in (1.3). For T > 0, and 0 < λ ≤ 1, Yang [7] gave generalizations of (1.2)
when p = q = 2 as
∫ T
0
∫ T
0
f xgy
x+ yλ dx dy
≤ B
(λ
2

λ
2
){∫ T
0
[
1− 1
2
( t
T
)λ/2]
t1−λf 2tdt
}1/2
×
{∫ T
0
[
1− 1
2
( t
T
)λ/2]
t1−λg2tdt
}1/2
T <∞ (1.4)
∫ ∞
0
∫ ∞
0
f xgy
x+ yλ dx dy
≤ B
(λ
2

λ
2
){∫ ∞
0
t1−λf 2tdt
∫ ∞
0
t1−λg2tdt
}1/2
 (1.5)
In this paper, following the methods of [8, 9] in estimating the weight
function, we introduce the β function and construct some lemmas. The
main result is a new generalization where the best constant factor involving
the β function is given. This factor is more accurate than (1.3) [see (3.2)].
We also consider its more extended form [see (3.1)].
2. SOME LEMMAS
Lemma 2.1. For a < 1 λ > 0, deﬁne ga y as
ga y = ya−1
∫ y
0
1
1+ uλ
( 1
u
)a
du y ∈ 0 1

Then we have ga y > ga 1 y ∈ 0 1
.
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Proof. Integrating by parts, we have
gya y = a− 1ya−2
∫ y
0
1
1+ uλ
( 1
u
)a
du+ ya−1 11+ yλ
(1
y
)a
= −ya−2
∫ y
0
1
1+ uλ du
1−a + y−1 11+ yλ
= −ya−2 11+ uλ y
1−a − λya−2
∫ y
0
1
1+ uλ+1u
1−adu+ y−1 11+ yλ
= −λya−2
∫ y
0
1
1+ uλ+1u
1−adu < 0 y ∈ 0 1
Then ga y is strictly decreasing function of y. In view of the fact that
ga y is left continuous as a function of y at y = 1, we have ga y >
ga 1 0 < y < 1. The lemma is proved.
We formulate the β function as (see [8])
Bp q =
∫ ∞
0
tp−1
1+ tp+q dt =
pq
p+ q = Bqp p q > 0 (2.1)
Lemma 2.2. If r > 1 1
r
+ 1
s
= 1 λ > 2 − minr s, and α < T < ∞,
deﬁne the weight function as
ω˜λαTrx=
∫ T
α
1
x+y−2αλ
(x−α
y−α
)2−λ/r
dy x∈αT 
 (2.2)
Setting ω˜λα∞ r x = lim
T→∞
ω˜λα T r x and
kλr = kλs = B
(
r + λ− 2
r

s + λ− 2
s
)

θλs =
∫ 1
0
1
1+ uλ
( 1
u
)2−λ/s
du (2.3)
we have
ω˜λα∞ r x = kλrx− α1−λ x ∈ α∞ (2.4)
ω˜λα T r x <
[
kλr − θλs
( x− α
T − α
)s+λ−2/s]
×x− α1−λ x ∈ α T  (2.5)
Proof. Setting u = y − α/x− α we ﬁnd
ω˜λα T r x = x− α1−λ
∫ T−α/x−α
0
1
1+ uλ
×
( 1
u
)2−λ/r
du x ∈ α T 
 (2.6)
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Since λ = r+λ−2
r
+ s+λ−2
s
and 2−λ
r
= 1− r+λ−2
r
, by (2.1) and (2.6), we have
ω˜λα∞ r x = x− α1−λ
∫ ∞
0
1
1+ uλ
(
1
u
)2−λ/r
du
= x− α1−λB( r + λ− 2
r

s + λ− 2
s
)
 x ∈ α∞
(2.4) is valid. By (2.6) and (2.4), we have
ω˜λαTrx
=x−α1−λ
[
kλr−
∫ ∞
T−α/x−α
1
1+uλ
(
1
u
)2−λ/r
du
]
=x−α1−λ
[
kλr−
∫ x−α/T−α
0
1
1+vλ
(
1
v
)2−λ/s
dv
]
=x−α1−λ
{
kλr−
[(
x−α
T−α
)2−λ/s
−1
×
∫ x−α/T−α
0
1
1+vλ
(
1
v
)2−λ/s
dv
]
×
(
x−α
T−α
)1+λ−2/s}
 (2.7)
For α = 2 − λ/s in Lemma 2.1, we have a < 1. Since minr s ≤ 2, it
follows that λ > 2 −minr s ≥ 0. By Lemma 2.1 and (2.3), we ﬁnd
( x− α
T − α
)2−λ/s
−1 ∫ x−α/T−α
0
1
1+ vλ
(1
v
)2−λ/s
dv
= g
(2 − λ
s

x− α
T − α
)
> g
(2 − λ
s
 1
)
=
∫ 1
0
1
1+ vλ
(1
v
)2−λ/s
dv = θλs x ∈ α T  (2.8)
Substituting (2.8) into (2.7), we have (2.5). This proves the lemma.
Lemma 2.3. If p > 1 1
p
+ 1
q
= 1 λ > 2 − minp q p+λ−2
p
− 1
n0
> 0
n0 ∈ N and 0 < ε ≤ q/n0, then we have
∫ ∞
1
X−1−ε
[∫ 1/X
0
1
1+uλ
(
1
u
)2−λ/p
+ε/q
du
]
dX=O1 ε→0+ (2.9)
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Proof. Since 0 < ε ≤ q/n0, then we have ε/q ≤ 1/n0 and
0 <
∫ ∞
1
X−1−ε
[∫ 1/X
0
1
1+ uλ
(
1
u
)2−λ/p
+ε/q
du
]
dX
≤
∫ ∞
1
X−1
[∫ 1/X
0
(
1
u
)2−λ/p
+1/n0
du
]
dX = 1
/[
p+ λ− 2
p
− 1
n0
]2

Hence (2.9) is valid. The lemma is proved.
Lemma 2.4. If p > 1 1
p
+ 1
q
= 1 λ > 2 −minp q p+ λ− 2/p
 −
1/n0 > 0 n0 ∈ N and 0 < ε ≤ q/n0, then for α T ∈ R α < T , we have
∫ T
α
∫ T
α
1
x+ y − 2αλ
(
x− α
T − α
)λ−2+ε/p( y − α
T − α
)λ−2+ε/q
dx dy
∼ T − α2−λ 1
ε
kλp ε→ 0+ (2.10)
Proof. Setting X = T − α/x− α and Y = T − α/y − α, we ﬁnd
∫ T
α
∫ T
α
1
x+ y − 2αλ
(
x− α
T − α
)λ−2+ε/p( y − α
T − α
)λ−2+ε/q
dx dy
= T − α2−λ
∫ ∞
1
Xλ−2/q
−ε/p
[∫ ∞
1
1
X + Y λ Y
λ−2/p
−ε/q dY
]
dX
= T − α2−λ
∫ ∞
1
X−1−ε
[∫ ∞
1/X
1
1+ uλ u
λ−2/p
−ε/q du
]
dX
= T − α2−λ
{∫ ∞
1
X−1−ε
[∫ ∞
0
1
1+ uλ u
λ−2/p
−ε/q du
]
dX
−
∫ ∞
1
X−1−ε
[∫ 1/X
0
1
1+ uλ u
λ−2/p
−ε/q du
]
dX
}
 (2.11)
Since
lim
ε→0+
∫ ∞
0
1
1+ uλ u
λ−2/p
−ε/q du =
∫ ∞
0
1
1+ uλ u
λ−2/p du = kλp
we ﬁnd
∫∞
0 1/1 + uλ
uλ−2/p
−ε/qdu = kλp + o1 ε → 0+. By
Lemma 2.3 and (2.11), we have
∫ T
α
∫ T
α
1
x+ y − 2αλ
( x− α
T − α
)λ−2+ε/p( y − α
T − α
)λ−2+ε/q
dx dy
= T − α2−λ
[∫ ∞
1
X−1−εkλp + o1 dX −O1
]
= T − α2−λ
[
1
ε
kλp + o1 − O1
]
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= T − α2−λ 1
ε
kλp + o1 − εO1
∼ T − α2−λ 1
ε
kλp ε→ 0+
Hence (2.10) is valid and the lemma is proved.
3. MAIN RESULTS AND SOME COROLLARIES
Theorem 3.1. If p > 1 1
p
+ 1
q
= 1 λ > 2−minp q α < T ≤ ∞, and
f t gt ≥ 0 0 <
∫ T
α
t − α1−λf ptdt <∞
0 <
∫ T
α
t − α1−λgqtdt <∞
then (i) for T <∞, we have
∫ T
α
∫ T
α
f xgy
x+y−2αλ dxdy
<
{∫ T
α
[
kλp−θλp
(
t−α
T−α
)p+λ−2/p]
t−α1−λf ptdt
}1/p
×
{∫ T
α
[
kλp−θλq
(
t−α
T−α
)q+λ−2/q]
t−α1−λgqtdt
}1/q
 (3.1)
where
kλp = B
(
p+ λ− 2
p

q+ λ− 2
q
)
and
θλr =
∫ 1
0
1
1+ uλ
(
1
u
)2−λ/r
du r = p q
(ii) For T = ∞, we have
∫ ∞
α
∫ ∞
α
f xgy
x+ y − 2αλ dx dy < kλp
[∫ ∞
α
t − α1−λf ptdt
]1/p
×
[∫ ∞
α
t − α1−λgqtdt
]1/p
 (3.2)
where the constant kλp in (3.1) and (3.2) is the best possible.
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Proof. For α < T ≤ ∞, by Holder’s inequality in R2 and (2.2), we have
∫ T
α
∫ T
α
f xgy
x+ y − 2αλ dx dy
=
∫ T
α
∫ T
α
[
f x
x+ y − 2αλ/p
(
x− α
y − α
)2−λ/pq]
×
[
gx
x+ y − 2αλ/q
(
y − α
x− α
)2−λ/pq]
dxdy
≤
{∫ T
α
∫ T
α
f px
x+ y − 2αλ
(
x− α
y − α
)2−λ/q
dx dy
}1/p
×
{∫ T
α
∫ T
α
gqy
x+ y − 2αλ
(
y − α
x− α
)2−λ/p
dx dy
}1/q
=
{∫ T
α
[∫ T
α
1
x+ y − 2αλ
(
x− α
y − α
)2−λ/q
dy
]
fpx dx
}1/p
×
{∫ T
α
∫ T
α
[
1
x+ y − 2αλ
(
y − α
x− α
)2−λ/p
dx
]
gqy dy
}1/q
=
{ ∫ T
α
ω˜λα T q xfpxdx
}1/p{ ∫ T
α
ω˜λα Tp ygqydy
}1/q
 (3.3)
If (3.3) takes equality, then there exist constants AB > 0, such that
(see [10])
A
fpx
x+ y − 2αλ
(
x− α
y − α
)2−λ/q
= B g
qy
x+ y − 2αλ
(
y − α
x− α
)2−λ/p
ae in α T  × α T 
It follows that x− α2−λf px = B
A
y − α2−λgqy ae in α T  × α T 
and
x− α2−λf px = B
A
y − α2−λgqy = constant ae in α T  × α T 
which contradicts the fact that 0 <
∫ T
α t − α1−λf ptdt < ∞. Hence, by
(3.3), we have
∫ T
α
∫ T
α
f xgy
x+ y − 2αλ dx dy <
{∫ T
α
ω˜λα T q tfptdt
}1/p
×
{∫ T
α
ω˜λα Tp tgqtdt
}1/q
 (3.4)
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By (2.5) and (2.4), since kλq = kλp, we have (3.1) and (3.2).
For 0 < ε ≤ q/n0, setting
f˜εx =
(
x− α
T − α
)λ−2+ε/p
 x ∈ α T 
 and
g˜εy =
(
y − α
T − α
)λ−2+ε/q
 y ∈ α T 

we ﬁnd[∫ T
α
t − α1−λf˜ pε tdt
]1/p[∫ T
α
t − α1−λg˜qεtdt
]1/q
= T − α2−λ 1
ε

By Lemma 2.4, we have
∫ T
α
∫ T
α
f˜εxg˜εy
x+ y − 2αλ dx dy ∼ T − α
2−λ 1
ε
kλp ε→ 0+
If there exist α T ∈ R α < T  such that the constant kλp in (3.1) is not
the best possible, then there exists K 0 < K < kλp
 such that (3.1) is
valid when we change kλp to K. We ﬁnd
T−α2−λ 1
ε
kλp∼
∫ T
α
∫ T
α
f˜εxg˜εy
x+y−2αλ dxdy
<K
[∫ T
α
t−α1−λf˜ pε tdt
]1/p[∫ T
α
t−α1−λg˜qεtdt
]1/q
=KT−α2−λ 1
ε
 ε→0+
Hence we have kλp ≤ K, which contradicts the fact that K < kλp. It
follows that kλp in (3.1) is the best possible.
If there exists α ∈ R such that the constant kλp in (3.2) is not the best
possible, then there exists k 0 < k < kλp
 such that∫ ∞
α
∫ ∞
α
f xgy
x+ y − 2αλ dx dy < k
[∫ ∞
α
t − α1−λf ptdt
]1/p
×
[∫ ∞
α
t − α1−λgqtdt
]1/q
 (3.5)
For any f g that are suitable to (3.1), by setting f t = gt = 0 for
t ∈ T∞, by (3.5), we still have
∫ T
α
∫ T
α
f xgy
x+ y − 2αλ dx dy < k
[∫ T
α
t − α1−λf ptdt
]1/p
×
[∫ T
α
t − α1−λgqtdt
]1/q
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This contradicts the fact that kλp is the best possible in (3.1). Hence the
constant kλp in (3.2) is the best possible. The theorem is proved.
For λ = 1 2 3 we have λ > 2 − minp qp > 1 1/p + 1/q = 1
Hence for r = p q we ﬁnd
θ1r =
∫ 1
0
1
1+ u
(
1
u
)1/p
du >
∫ 1
0
1
1+ u du = ln 2
k1p = B
(
1
q

1
p
)
= π
sinπ/p 
θ2r =
∫ 1
0
1
1+ u2 du =
1
2
 k2p = B1 1 = 1
θ3r =
∫ 1
0
1
1+ u3
(
1
u
)−1/r
du >
∫ 1
0
u
1+ u3 du =
1
8

k3p =
1
2pq
B
(
1
q

1
p
)
= p− 1π
2p2 sinπ/p 
By Theorem 3.1, some corollaries are constructed as follows:
Corollary 3.1. If p > 1 1
p
+ 1
q
= 1 λ = 1 α < T ≤ ∞, and
f t gt ≥ 0 0 <
∫ T
α
f ptdt <∞ 0 <
∫ T
α
gqtdt <∞
then we have
∫ T
α
∫ T
α
f xgy
x+ y − 2αdxdy <
{∫ T
α
[
π
sinπ/p − ln 2
(
t − α
T − α
)1/q]
fptdt
}1/p
×
{∫ T
α
[
π
sinπ/p − ln 2
(
t − α
T − α
)1/p]
× gqtdt
}1/q
 T <∞ (3.6)
∫ ∞
α
∫ ∞
α
f xgy
x+ y − 2αdxdy <
π
sinπ/p
(∫ ∞
α
fptdt
)1/p
×
(∫ ∞
α
gqtdt
)1/q
 (3.7)
where the constant π/sinπ/p in (3.6) and (3.7) is the best possible.
Corollary 3.2. If p > 1 1
p
+ 1
q
= 1 λ = 2 α < T ≤ ∞, and
f t gt ≥ 0 0 <
∫ T
α
1
t − αf
ptdt <∞ 0 <
∫ T
α
1
t − αg
qtdt <∞
304 yang bicheng
then we have
∫ T
α
∫ T
α
f xgy
x+ y − 2α2 dxdy <
{∫ T
α
[
1− 1
2
(
t − α
T − α
)]
1
t − αf
ptdt
}1/p
×
{∫ T
α
[
1− 1
2
(
t − α
T − α
)]
× 1
t − αg
qtdt
}1/q
 T <∞ (3.8)
∫ ∞
α
∫ ∞
α
f xgy
x+ y − 2α2 dxdy <
{∫ ∞
α
1
t − αf
ptdt
}1/p
×
{∫ ∞
α
1
t − αg
qtdt
}1/q
 (3.9)
where the constant 1 in (3.8) and (3.9) is the best possible.
Corollary 3.3. If p > 1 1
p
+ 1
q
= 1 λ = 3 α < T ≤ ∞, and
f tgt≥0 0<
∫ T
α
1
t−α2 f
ptdt<∞ 0<
∫ T
α
1
t−α2 g
qtdt<∞
then we have∫ T
α
∫ T
α
f xgy
x+ y − 2α3 dxdy
<
{∫ T
α
[ p− 1π
2p2 sinπ/p −
1
8
(
t − α
T − α
)1+1/p] 1
t − α3 f
ptdt
}1/p
×
{∫ T
α
[ p− 1π
2p2 sinπ/p −
1
8
(
t − α
T − α
)1+1/q]
× 1t − α2 g
qtdt
}1/q
 T <∞ (3.10)
∫ ∞
α
∫ ∞
α
f xgy
x+ y − 2α3 dxdy <
p− 1π
2p2 sinπ/p
[∫ ∞
α
1
t − α2 f
ptdt
]1/p
×
[∫ ∞
α
1
t − α2 g
qtdt
]1/q
 (3.11)
where the constant p− tπ
/2p2 sinπ/p
 in (3.10) and (3.11) is the best
possible.
Since kλ2 = B
(
λ
2 
λ
2
)
 θλ2 = 12B
(
λ
2 
λ
2
)
, and λ > 2 −min2 2 = 0,
we have
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Corollary 3.4. If p = q = 2 λ > 0, α < T ≤ ∞, and
f t gt ≥ 0 0 <
∫ T
α
t − α1−λf 2tdt <∞
0 <
∫ T
α
t − α1−λg2tdt <∞
then we have∫ T
α
∫ T
α
f xgy
x+ y − 2αλ dx dy
< B
(
λ
2

λ
2
){∫ T
α
[
1− 1
2
(
t − α
T − α
)λ/2]
t − α1−λf 2tdt
}1/2
×
{∫ T
α
[
1− 1
2
(
t − α
T − α
)λ/2]
t − α1−λg2tdt
}1/2
 T <∞ (3.12)
∫ ∞
α
∫ ∞
α
f xgy
x+ y − 2αλ dx dy
< B
(
λ
2

λ
2
){∫ ∞
α
t − α1−λf 2tdt
∫ ∞
α
t − α1−λg2tdt
}1/2
 (3.13)
where the constant B
(
λ
2 
λ
2
)
in (3.12) and (3.13) is the best possible.
Remarks. (a) Since the constant kλpλ > 2 − minp q in (3.2) is
the best possible, it follows that (3.2) is a more accurate estimate than (1.3).
(b) For α = 0, inequality (3.7) changes to (1.2), hence, inequalities (3.7)
and (3.2) are new generalizations of (1.2).
(c) When T →∞, (3.1) changes to (3.2), hence, inequality (3.1) is more
extended form of (3.2).
(d) Inequalities (3.13) and (3.12) are new generalizations of Hilbert’s
integral inequality and are new improvements of (1.5) and (1.4).
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